Abstract. These notes were written to serve as an easy reference for [34] . All the results in this presentation are well-known (or quasi-well-known) theorems in Hodge theory. Our main purpose was to give a unified approach based on a variation formula of the Lefschetz star operator, following [32] . It fits quite well with Timorin's T -Hodge theory, i.e. the Hodge theory on the space of differential forms divided by T (i.e. forms like T ∧ u), where T is a finite wedge product of Kähler forms.
Then we have T −1 ω = T ω −1 , thus the definition of ω −1 does not depend on the choice of bases in the above proposition. We shall also use ω −1 to denote the following bilinear form on ∧ p V * :
(1.1) ω −1 (µ, ν) := det(ω −1 (α i , β j )), µ = α 1 ∧ · · · ∧ α p , ν = β 1 ∧ · · · ∧ β p . Definition 1.1 (By Guillemin [16] ). The symplectic star operator * s : ∧ p V * → ∧ 2n−p V * is defined by
The following theorem is the key to decode the structure of * s .
Theorem 1.2 (Hard Lefschetz theorem). For each
defines an isomorphism between ∧ k V * and ∧ 2n−k V * .
Proof. Notice that the theorem is true if n = 1 or k = 0, n. Now assume that it is true for n ≤ l, l ≥ 1. We need to prove that it is true for n = l + 1, 1 ≤ k ≤ l. Put
Then we have
Let us write u ∈ ∧ k (V * ) as
, where each u j contains no e * l+1 or f * l+1 term. Then ω l+1−k ∧ u = 0 is equivalent to (ω
which implies u 1 = u 2 = 0 by our theorem for n = l. Moreover, u 3 = 0 since
Thus (ω ′ ) l−k ∧ u 0 = 0, which implies u 0 = 0. Now we know that u → ω l+1−k ∧ u is an injection, thus an isomorphism since dim ∧ k V * = dim ∧ 2n−k V * .
The key notion in these notes is the following: Definition 1.2. We call u ∈ ∧ k V * a primitive form if k ≤ n and ω n−k+1 ∧ u = 0.
The following Lefschetz decomposition theorem follows directly from Theorem 1.2 (see the proof of Theorem 2.1 in the next section).
Theorem 1.3 (Lefschetz decomposition formula).
Every u ∈ ∧ k V * has a unique decomposition as follows:
where each u r is a primitive (k − 2r)-form.
By the above theorem, it is enough to study the symplectic star operator on ω r ∧ u, where u is primitive. Theorem 1.4. If u is a primitive k-form then * s (ω r ∧ u) = (−1) k+···+1 ω n−k−r ∧ u.
The above theorem implies * 2 s = 1. We shall use a symplectic analogy of the Berndtsson lemma (see Lemma 3.6.10 in [3] ) to prove it. Definition 1.3. u ∈ ∧ k V * is said to be an elementary form if there exists a base, say {e * 1 , f * 1 ; · · · ; e * n , f * n }, of V * such that ω = n j=1 e * j ∧ f * j , u = e * 1 ∧ · · · ∧ e * k .
Lemma 1.5 (Berndtsson lemma).
The space of primitive forms is equal to the linear space spanned by elementary forms.
Proof. Since ω n−k+1 = j 1 <···<j n−k+1 e *
, we know that ω n−k+1 ∧ u = 0 if u is an elementary k-form. Thus every elementary form is primitive. Let us prove the other side by induction on n. Notice that the lemma is true if n = 1. Assume that it is true for n ≤ l, l ≥ 1. We whall prove that it is also true for n = l + 1. With the notation in the proof of Theorem 1.2, ω l−k+2 ∧ u = 0 is equivalent to
which is equivalent to the ω ′ -primitivity of u 1 , u 2 , u 3 and (l + 2 − k)u 0 + ω ′ ∧ u 3 . Now it suffices to show that
is a linear combination of elementary forms. Since u 3 is ω ′ -primitive, by the induction hypothesis, we can assume that
Now it suffices to show that if n = 2 then e * 1 ∧ f * 1 − e * 2 ∧ f * 2 is a linear combination of elementary forms. Notice that
is also elementary since we can write
We shall also use the following Lemma from [16] . 
which gives the lemma.
Now we are able to prove Theorem 1.4.
Proof of Theorem 1.4. By the Berndtsson lemma, we can assume that
the proof is complete. Definition 1.4. We call {L, Λ, B} the sl 2 -triple on ⊕ 0≤k≤2n ∧ k V * , where
Hence Λ is the adjoint of L. Put
We have:
which gives the first identity. The second follows directly from the first. Now let us consider another structure on a linear space, which can be used to define an inner product structure on (V, ω). If J is an almost complex structure on V then
defines an almost complex structure on V * . Definition 1.7. We call
Since the eigenvalues of J are ±i, its eigenvectors lie in C ⊗ V * . Put
we know that
and
We call ∧ p,q V * the space of (p, q)-forms.
defines a Hermitian inner product structure on ∧ p,q V * , 0 ≤ p, q ≤ n.
Proof. Assume that J is compatible with ω. Then
which gives the proposition.
Definition 1.8. The Hodge star operator * :
The above proposition gives
1.2. Application in complex geometry. Let (X, ω) be an n-dimensional complex manifold with a Hermitian form (smooth positive (1, 1)-form) ω. Let (E, h E ) be a holomorphic vector bundle over X with a smooth Hermitian metric h E . Let us denote by V k the space of E-valued k-forms with compact support on X. The following theorem is a direct consequence of Theorem 1.2.
defines an isomorphism between V k and V 2n−k . Definition 1.9. We call an E-valued k-form, say u, on X a primitive form if k ≤ n and ω n−k+1 ∧ u ≡ 0.
Now we have the following analogy of Theorem 1.3: Theorem 1.10 (Lefschetz decomposition formula). Every E-valued k-form u on X has a unique decomposition as follows:
where each u r is an E-valued primitive (k − 2r)-form.
Let {e α } be a local holomorphic frame of E, then
defines a Hermitian inner product structure on
The Hodge-Riemann bilinear relation is a direct consequence of Theorem 1.4 and * = J • * s .
Lefschetz bundle
and each
Theorem 2.1. Let (V, L) be a Lefschetz bundle. Then every u ∈ V k has a unique decomposition as follows:
where each u r is a primitive form in V k−2r .
Proof. We can assume that k ≤ n since we have the isomorphism
we know that u 0 is primitive and u = u 0 + Lû. Considerû instead of u, we haveû = u 1 + Lũ, where u 1 is primitive. By induction, we know that u can be written as
where each u r ∈ V k−2r is primitive. For the uniqueness part, assume that
where each u r ∈ V k−2r is primitive. Then we have
which gives u j = 0. By induction on j we know that all u r = 0.
where u ∈ V k is primitive, the Lefschetz star operator on V .
Notice that * 2 s = 1. We know from the last section that the Lefschetz star operator is a generalization of the symplectic star operator.
We call (L, Λ, B) the sl 2 -triple on (V, L) (Proposition 1.7 is also true for general Lefschetz bundle).
Variation of Lefschetz star operator
3.1. Main theorem. Our main theorem is a generalization of the main result in [32] .
Proof. By the Lefschetz decompostion theorem and * 2 s = 1, it suffices to prove
Step 1 : Since u is primitive, we have
which implies that the primitive decomposition of θu contains at most three terms. Thus we can write
where a, b, c are primitive, which gives
Step 2 : Since
Step 3 : Put
Since the first two steps gives
we have
Step 4 : Primitivity of u implies
Thus L n−k+1 (Du + (n − k + 1)Lc) = 0, which implies the primitivity of
Step 5 : Since our formula is equivalent to A = B, by step 3 and 4, it is enough to prove
which is true (recall that M = n − r − k).
Remark: If we write
where {t j } 1≤j≤m are smooth local coordinates. Then our main theorem is equivalent to On the other hand, notice that
thus Proposition 1.7 gives
By a similar argument, we also get
The proof is complete.
The following proposition can be seen as a generalization of formula 1 in [26] .
Proof. For a primitive k-form u, we have σ * s (L r u) := cL n−r−k σu. Since σ is degree one, we can write σu = a + Lb, where a, b are primitive. Thus
On the other hand, Proposition 1.7 gives
and σΛL r u = (M + 1)(L r−1 a + rL r b).
Since * 2 s = 1, the proposition follows.
T -Hodge theory
4.1. Timorin's theorem. Timorin's theorem [30] is a mixed linear version of the HodgeRiemann bilinear relation. Let (V, ω, J) be a 2n-dimensional real vector space with compatible pair (ω, J). Let α 0 , α 1 , · · · , α n be J-compatible symplectic forms on V . Put
Timorin introduced the following definition in [30] .
Theorem 4.1 (Timorin's mixed Hodge-Riemann bilinear relation, MHR-n). Let u be a non-zero
Proof. We claim that MHR-n follows MHL-n and usual Hodge-Riemann bilinear relation.
Notice that MHL-n below implies that the space, say P k , of T k -primitive forms has constant dimension dim V k − dim V k−2 and Q is non-degenerate on P k , consider
then the positivity of Q at t = 0 follows from the positivity of Q at t = 1 (the usual Hodge-Riemann bilinear relation).
Theorem 4.2 (Timorin's mixed hard-Lefschetz theorem, MHL-n). For every
Proof. Since MHR-1 is true, it suffices to show MHR-(n-1) implies MHL-n. Assume that
for every hyperplane H. Thus if u ∧ T k+1 = 0 then u| H is T k+1 | H -primitive for every H. Let us write
Then MHR-(n-1) gives
which implies each Q j (u) = 0. Thus u| H j = 0 for every 1 ≤ j ≤ n, which gives u∧α k+1 = 0, thus u = 0 since deg u ≤ n − 1.
4.2.
Hodge star operator on V T . Let (E, h E ) be a holomorphic vector bundle over an n-dimensional complex manifold (X, ω). Denote by V p,q the space of smooth E-valued (p, q)-forms with compact support on X. Put
Fix 0 ≤ m ≤ n and smooth positive (1, 1)-forms α m+1 , · · · , α n on X. Consider
where T := α m+1 ∧ · · · ∧ α n , T := 1, if m = n. We call the Hodge theory on
Timorin's mixed hard-Lefschetz theorem gives:
Proof. By Timorin's theorem, we know that
Again by Timorin's theorem, we have the following isomorphism
T is an isomorphism. Definition 4.2. We call u ∈ V k T a primitive k-form if k ≤ m and L m−k+1 u = 0. The proof of Theorem 2.1 implies:
T has a unique decomposition as follows:
where each u r is a primitive form in V k−2r T . Definition 4.3. We call the following C-linear map * s :
where u ∈ V k T is primitive, the Lefschetz star operator on V T . In case m = n, the Lefschetz star operator above is just the symplectic star operator.
We call (L, Λ, B) the sl 2 -triple on V T .
Since J commutes with f T , the Weil-operator is also well defined on V T , we shall also denote it by J. Definition 4.5. We call * := * s • J the Hodge star operator on V T .
Timorin's mixed Hodge-Riemann bilinear relation gives: 
Kähler identity in T -Hodge theory. Let
respectively. We shall use Theorem 3.1 and Proposition 3.4 to prove the following Tgeometry generalization of the Demailly-Griffiths-Kähler identity (see page 307 in [11] ).
Proof. Since * = * s • J = J • * s and * 2 s = 1, we have
Now it suffices to show
Since
Thus the left hand side of (4.2) can be written as
which equals the right hand side of (4.2).
Theorem 4.7. Assume that both T and ω are d-closed, then
The above Kähler identity gives the following Bochner-Kodaira-Nakano identity in Tgeometry: Theorem 4.8. Assume that both T and ω are d-closed. Then
T , but still we have the following theorem:
Proof. Recall that a differential operator of order l is said to be elliptic if σ l (D)(x, ξ) is invertible for every x ∈ M and every non-zero ξ ∈ T x M , where
and f is a smooth function near x such that df (x) = ξ. We have
Theorem 4.8 gives
Thus it suffices to prove that if
It is clear that we can assume that u ∈ V p,q T , p + q = k. Consider * u if k > m, one may assume further that k < m. Moreover, by a C-linear change of local coordinate, one may assume that ∂f = dz 1 , ∂f = dz 1 . Let
be the Lefschetz decomposition of u. Then * u = (−1)
The lemma below gives
since the degree of each u r is no bigger than m − 1. Thus each f
−1
T (u r ) can be written as
Timorin's Hodge-Riemann bilinear relation implies that if f
T (u r ) = 0 and u = 0. The proof is complete.
The lemma is true if j = 0. Assume the lemma is true for 0 ≤ j ≤ l. We claim that it is true for j = l + 1. In fact, ω m−k ∧ A + (−1) l+1 C l m−k+l B = 0 gives
Since each u r is primitive, we know that
which gives dz 1 ∧ u l+1 = 0 by Timorin's hard Lefschetz theorem. Thus the lemma is also true for j = l + 1 by the induction hypothesis. Theorem 5.1. Let (X,ω) be an n-dimensional complete Kähler manifold with finite volume. Let α 1 , · · · , α n be smooth d-closed semi-positive (1, 1)-forms such that α j ≤ω on X for every 1 ≤ j ≤ n. Assume that n ≥ 2. Put
Remark: In case (X,ω) is compact Kähler, the above theorem is just the KhovanskiiTeissier inequality. The classical Alexandrov-Fenchel inequality follows from the above theorem with X = R n × (R/Z) n , see [34] for the proof.
Proof of Theorem 5.1. We shall follow the method in [34] . Consider α j + ǫω instead of ω, one may assume that
for every 1 ≤ j ≤ n, where C is a fixed positive constant.
Step 1 : By Proposition 2.6 in [34] , it suffices to show that
is convex on (0, 1).
Step 2 : Consider the trivial line bundle ker d := U × C over
with metric
Then ψ is convex iff the curvature of (ker d, h) is positive.
Step 3 : Look at ker d as a holomorphic subbundle of
where
h extends to a metric on A as follows:
Thus the Chern curvature operator of (A, h) can be written as
Our main theorem gives
by (3.8).
Step 4 : Denote by Θ K tt the Chern curvature operator of (ker d, h). By the subbundle curvature formula, we have
where Λθ = [Λ, θ]1 and
Step 5 : Theorem 4.7 gives
If u is a smooth one-form with compact support on X then
moreover, theorem 4.8 gives
thus Hörmander's L 2 -theory (here we use (5.1) and the completeness of (X,ω), see the proof of Lemma 5.2 in [34] for the details) implies
, where the last identity follows from Θ A tt = [θ * , θ]. Thus ψ tt ≥ 0. 5.2. Dinh-Nguyên's theorem. Let (X, ω) be an n-dimensional compact Kähler manifold. Let α 1 , · · · , α n be smooth Kähler forms on X. Let A p,q be the space of smooth (p, q)-forms on X and A k be the space of real-valued smooth k-forms on X. We have the Dolbeault cohomology group (a C-vector space in fact) H p,q (X, C) := A p,q ∩ ker ∂ ∂A p,q−1 , and the de Rham cohomology group (an R-vector space)
The following theorem depends on the theory of elliptic operators, see [17] , and Theorem 4.8 (when (E, h E ) is trivial and T = 1).
Let us write ∂ * f ′ = T ∧ g, thus
Thus Timorin's mixed Hodge-Riemann bilinear relation gives
where the equality holds iff u + ∂∂g ≡ 0. Stokes' theorem implies
thus the theorem follows.
5.3. Curvature of higher direct images. We shall use the following setup:
(1) π : X → B is a proper holomorphic submersion from a complex manifold X to another complex manifold B, each fiber X t := is an n-dimensional compact complex manifold;
(2) E is a holomorphic vector bundle over X , E t := E| Xt ; (3) ω is a smooth (1, 1)-form on X that is positive on each fiber, ω t := ω| Xt ; (4) h E is a smooth Hermitian metric on E, h Et := h E | Et .
For each t ∈ B, let us denote by A p,q (E t ) the space of smooth E t -valued (p, q)-forms on X t . Let us recall the following definition in [7] : Definition 5.3. Let V := {V t } t∈B be a family of C-vector spaces over B. Let Γ be a C ∞ (B)-submodule of the space of all sections of V . We call Γ a smooth quasi-vector bundle structure on V if each vector of the fiber V t extends to a section in Γ locally near t.
Denote by A p,q (E) the space of smooth E-valued (p, q)-forms on X . Let us define
We call u above a smooth representative of u ∈ Γ p,q . We know that each Γ p,q defines a quasi-vector bundle structure on A p,q .
Same as before, one may define the Lefschetz star operator and the sl 2 -triple on a general Lefschetz quasi vector bundle. Consider
and define L ∈ End(A) such that
Then the hard Lefschetz theorem implies that (A, Γ, L) is a Lefschetz quasi vector bundle. One may also define the notion of connection on a general quasi vector bundle, see [7] .
Thus our main theorem is still true for general Lefschetz quasi vector bundles. We shall use the following connection on (A, Γ).
Definition 5.5. The Lie-derivative connection, say ∇ A , on (A, Γ) is defined as follows:
where d E := ∂ + ∂ E denotes the Chern connection on (E, h E ) and each V j is the horizontal lift of ∂/∂t j with respect to ω.
Our main theorem implies: For bidegree reason, the connection, say D A , on each (V p,q , Γ p,q ) induced by ∇ A satisfies Remark: One may also prove the above theorem by a direct computation without using the Hodge star operator, see [25] . For other related results on the Lie-derivative connection, see [6] , [14] , [20] , [21] , [23] , [24] , [28] , [29] , [31] .
The curvature of the Lie-derivative connection is
For bidegree reason, we have
One may get a curvature formula of the higher direct image bundles using the above formula and the sub-bundle-quotient-bundle curvature formula, see [7] for the details. 
We shall show how to use the above proposition in a future publication [33] .
